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■ Abstract. In this paper we study the BriU-Noether theory of sub-hne bundles of a general, 

, stable rank-two vector bundle on a curve C with general moduli. We relate this theory to 

' the geometry of unisecant curves on smooth, non-special scrolls with hyperplane sections 

. isomorphic to C. Most of our results are based on degeneration techniques. 
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1. Introduction 



The classical BriU-Noether theory aims to the description of all families G^^{C) of linear 
series of fixed degree d and dimension r on a given curve C of genus g. Equivalently, one can 
consider the image via the Abel-Jacobi map W^{C) C Pic'^(C) of G^^{C). In such a generality, 
the project is certainly too ambitious. However, for C sufficiently general in the problem 
' has been completely solved. The main results are Griffiths-Harris' theorem (see [IB]), which 
^ • determines the dimensions of the families G'^(C), and Gieseker's theorem (see [E]), proving 
the so called Petri 's conjecture which refines Griffiths-Harris' result giving further important 
information about the local structure of G^(C). Recall also Fulton-Lazarsfeld's theorem (see 
[8]) asserting that VFJ(C) is connected, for any curve C, as soon as its dimension is positive. 
Brill-Noether's type of questions can be asked replacing line bundles with vector bundles. 
O i This can be done in various ways (cf. e.g. [3], [29] and [33] as general references). 

In this paper we will take the following view-point. Given a curve C of genus g > 1, one 
can consider the moduli space Uc{d) of semistable, degree d, rank- two vector bundles on C, 
which is an irreducible, projective variety of dimension 4g — 3 + e, where e = 1, if g = 1 and 
! d is even, e = otherwise (cf. e.g. ^7\). For any [3"] G Uc{d), one can consider the set 

^ ■ M^{J) ■={N CS'IN sub-line bundle of 3^, deg(A^) = n}, (1.1) 

^ ; which has a natural structure of Quot-scheme. Note that M„(3') is isomorphic to Mn+2i{3^® 
' L), for any L G Pic'(C). If [5"] G Uc{d) is general, then M„(3') is not empty if and only if 
^ n < [^-f^J =• ^ (cf- Corollary 14.161 Remark 14.181 and |24j). The problem we consider here 

is to study the loci M„(5'), for C general of genus g and 3^ general in Uc{d), as well as their 
images Wn{3^) in Pic'^(C). Of course, similar questions can be asked for vector bundles of any 
rank and in this generality they have been considered by various authors (see [22], [23], [28]). 

As well known, the study of vector bundles on curves is equivalent to the one of scrolls in 
projective space. Therefore, the above questions can be translated in terms of the geometry 
of scrolls. Let 5 be a smooth, non-special scroll of degree d and sectional genus g > which 
is linearly normal in P^, R = d — 2g + 1. li d > 2g + 3 + min{l, g — 1}, such scrolls fill up 
a unique component 0-Cd,g of the Hilbert scheme of surfaces in which dominates (cf. 
Theorem 13.11 below) . 
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Let [S] G 'Kd,g be a general point, such that S = P(9^), where 5" is a very ample rank-two 
vector bundle of degree d on C, a. curve of genus g with general moduli, and S is embedded in 
via the global sections of Op(gr)(l). In [6] we showed that, if (? > 1 and S is general, then 
3" is general in Uc{d) (cf. [2| and [61 Theorem 5.5]). We then proved that is a general ruled 
surface in the sense of Ghione [12] , namely the scheme Div^'*" parametrizing unisecant curves 
of given degree m on S" behaves as expected (for details, cf. [6], Def. 6.6 and Thm. 6.9]). If 
we put m := d — n, in Proposition 14.111 we prove that there is a natural isomorphism 

Div^'*" = M„(J). 

This provides the translation from the vector bundle to the scroll setting. The map 

7r„ : M„(3^) ^ WniS") C Pic"(C) 

can also be interpreted in terms of curves on the scroll: the fibres of 7r„ are connected (cf. 
Lemma 14.211) and can be identified with linear systems of unisecant curves of degree m on 
S. Therefore, the map 7r„ can be regarded as an analogue of the Abel-Jacobi map. It is 
then natural to consider the subschemes W^{3^) C Wn{3^) of points where the fibres of 7r„ has 
dimension at least r. These are analogues of the classical Brill- Noether loci. 

The scheme Div^'™" was originally studied by C. Segre (cf. [30]), then in [12] and, by 
the present authors, in [6], where we used degeneration techniques. These techniques, in 
particular the degeneration of a general scroll in Md,g to the union of a rational normal scroll 
and g quadrics (cf. Construction 13. 2p . are also the main tool in the present paper. 

First of all, we apply the results in [6] to prove a conjecture by Oxbury asserting that 
Mn{3^) is connected for any curve C of genus g, [3^] G Uc{d) general and d — g even (cf. [28], 
Conjecture 2.8]; Oxbury's conjecture refers more generally to vector bundles of any rank). 

Then, we turn to the consideration of W^{3^). In order to study such loci, a basic ingredient 
is the contraction map 

which, in accordance to the line bundle case, is called the Petri map of the pair (3", A^) (cf. 
e.g. [28]). The case n = n is already studied in [28] (cf. Proposition 14.361 below). For n <n 
the situation is more complicated. In Proposition I4.39[ we give some general results about 
the Brill-Noether filtration in the general moduli case. In particular we show that, when 
[S] G 'Kd,g is general, one has: 

(a) if dim(Div;^''") > g and [F] G Div^'*" is general, then dim(|05(F)|) = dim(Div^'™) — g, 

(b) if < dim(Div5'™) < g and [F] G Div^'"" is general, then dim(|05(F)|) = 0. 

In Theorem 15.11 we concentrate on W^{3^) and, when C has general moduli, we prove that 
each of its irreducible components has the expected dimension. We finish the paper by 
proving an enumerative result, i.e. Theorem 16.11 in which we compute the class of the sum 
of all sub-line bundles of "J of maximal degree, when these are finitely many and [3"] G Uc{d) 
is general. 

The paper is organized as follows. In § |2] we collect standard definitions and properties 
of scrolls and unisecant curves. In § |3]we recall the results in [5] and in [6]. In §'s|l]and[5] 
we prove the above-mentioned results of the Brill-Noether theory, whereas § [6] contains the 
enumerative result. 

2. Notation and preliminaries 

In this section we will fix notation and general assumptions as in [6]. For non reminded 
terminology we refer the reader to [2T], [27], [21] and [B]. 
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Let C be a smooth, projective curve of genus g > and let p: F — C be a geometrically 
ruled surface on C, namely F = P(5'), for some rank-two vector bundle, or locally free sheaf, 
3" on C. In this paper, we shall make the following: 

Assumptions 2.1. We assume that h'^{C,3^) = R + 1, for some R > 3, that |Oir(l)| is 
base-point- free and that the corresponding morphism $ : F — is birational to its image. 

We denote by d the degree deg(3') := deg(det(5')). 

Definition 2.2. The surface := S C ¥^ is called a scroll of degree d and of (sectional) 

genus g, and S is called the scroll determined by the pair {3^, C). S is smooth if and only if 
3" is very ample; if S is singular, then F is its minimal desingularization. For any x G C, let 
fx '■= P~^{x) = P^. The line Ix '■= ^{fx) is called a ruling of S. Abusing terminology, the 
family {lx}x£C is also called the ruling of S. 

For further details on ruled surfaces, we refer to [19j, [21, § V], [2], [9], [lO], [H], [l2], [IH], [IE], 
121], [25], [26], [30] and If we denote by H the section of p such that GpiH) = 0^(1), 
then Pic(F) ^ Z[(Df{H)] © p*(Pic(C)); if d g Div(C), we denote by df the divisor p*{d) on 
F, where / is the general fibre of p. A similar notation will be used when d G Pic(C). Thus, 
any element of Pic(F) corresponds to a divisor on F of the form nH + df, for some n G Z 
and d G Pic(C). 

Definition 2.3. Any curve B & \H -\- df\ is called a unisecant curve of F. Any irreducible 
unisecant curve i? of F is smooth and is called a section of F. 

There is a one-to-one correspondence between sections B of F and surjections 3^ ^ L, with 
L = Lb a line bundle on C (cf. [HI § V, Prop. 2.6 and 2.9]). Then, one has an exact sequence 

0-^A^^3^^L^0, (2.4) 

where is a line bundle on C. If L = Oc{ir), with m G Div'^(C), then m = HB and 
Br^H+{m- det(3^))/. One has 

Ob(5) = A^®L (2.5) 

(cf. [211 §5]). In particular, 

52 = deg(L) - deg(A^) = - 2 deg(A^) = 2m-d. (2.6) 

Similarly, if Bi is a reducible unisecant curve of F such that = m, there exists a section 
B G F and an effective divisor a G Div(C), a := deg(a), such that Bi = B + af, where 
BH = m — a. In particular there exists a line bundle L = Lb on C, with deg(L) = m — a, 
fitting in (12.41) . Thus, one obtains the exact sequence 

0^ N^0ci-a)^3'^ L®Oa^0. (2.7) 

(for details, cf. [6]). 

Definition 2.8. Let S* be a scroll of degree d and genus g corresponding to (3", C) and let 
i? C F be a section and L as in (12.41) . If $|b is birational to its image, then F := $(-B) C 5* 
is called a section of S. We will say that the pair {S, F) is associated with (12.41) and that 
F corresponds to L on C. If m = deg(L), then F is a section of degree m of S; moreover, 
^\b : B = C r is determined by the linear series A C \L\, which is the image of the 
map H^{3^) —>■ H^{L). If i?i C F is a (reducible) unisecant curve and ^\bi is birational to 
its image, then $(-Bi) = Fi is a unisecant curve of degree m of 5*. As above, the pair {S, Fi) 
corresponds to a sequence of type (12.71) . 
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By Riemann-Roch, one has 

R+l:= /i°(0f(1)) = d-2g + 2 + /i^(0f(1)). (2.9) 

Definition 2.10 (cf. [30l § 3, p. 128]). We will call /i^(0f(1)) the speciality of the scroll S. 
A scroll S is said to be specialii hMPpiX)) > 0, non-sj»eda/ otherwise. 

For bounds and remarks on h^{OF{l)), we refer the reader to e.g. P, Lemma 3.7, Example 
3.10] and to [SQ^ pp. 144-145]. 

Definition 2.11. Let Fi C S be a unisecant curve of S of degree m such that (5*, Fi) is 
associated to a sequence like (12.71) . Then, Fi is said to be special, if h^{C, L) > 0, and linearly 
normally embedded, if if°(5') H^{L © OJ. 

3. HiLBERT SCHEMES 

Let be a linearly normal, non-special scroll of degree d and genus g. When = 0, is 
rational and its properties are well-known (see e.g. [19]). Thus, from now on, we shall focus 
on the case g > 1. From (12.91) . one has that S C where R = d — 2g + 1 and d > 2g + 2, 
because of the condition i? > 3 in Assumptions 12.11 If, in addition, we assume that S is 
smooth, then d > 2g + 3 + k, where k = min{l, (7 — 1} (cf. e.g. [3, Remark 4.20]). In this 
situation, one has the following result essentially contained in [2] (cf. also [5] Theorem 1.2] 
and [H Theorem 5.4]). 

Theorem 3.1. Let g > be an integer and let k = min{l,5f — 1}. If d > 2g + 3 + k, 

there exists a unique, irreducible component "Kd^g of the Hilbert scheme of scrolls of degree d, 
sectional genus g in such that the general point [S] G "^d^g represents a smooth, non-special 
and linearly normal scroll S . Furthermore, 

(i) Oidg is generically reduced; 

(ii) dimi^d,g) = 7(9 -l) + {d-2g + 2f = 7{g -1) + {R+ 1)^ ; 

(iii) "Kd^g dominates the moduli space JVlg of smooth curves of genus g. 

If, moreover g > I, let (3", C) be a pair which determines S , where [C] G Mg is general. If 
Uc{d) denotes the moduli space of semistable, degree d, rank-two vector bundles on C , then 
[5"] G Uc{d) is general. □ 

We recall a construction of some reducible surfaces corresponding to points in ^d,g- This 
is one of the key ingredients of the degeneration arguments used in [6], which will also be 
used in this paper. The presence of points in CK^^ corresponding to reducible surfaces was 
already pointed out in [2]. However te reducible surfaces we need in this paper are different. 

Construction 3.2 (see |6, Construction 5.11]). Let g > 1. Then "Kd.g contains points \Y] 
such that Y is a reduced, connected, reducible surface, with global normal crossings, of the 
form 

Y ■.= WUQiU---UQg, (3.3) 
where W is a rational normal scroll, corresponding to a general point of '}id-2gfl, each Qj 
is a smooth quadric, such that Qj r\ Qk = ^, if ^ ^ j 7^ k < g, and W H Qj = lij U I2J, 
where are general rulings ofW, for I < i <2, 1 < j < g, and where the intersections are 
transverse. Furthermore, for any such Y, one has that h^{Y,J^Y/F'^') = 0; in particular, [Y] 
is a smooth point of "Kd^g • 

We finish this section with the following definition and result. 
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Definition 3.4 (see [121 Definition 6.1]). Let C be a smootli, projective curve of genus g > 0. 
Let F = P(3') be a geometrically ruled surface over C and let d = deg(?'). For any positive 
integer m, we denote by 

Dw]r (3.5) 
the Hilbert scheme of unisecant curves of F, which are of degree m with respect to Oir(l); it 
has a natural structure as a Quot-scheme (cf. [20]), whose expected dimension is 

dm '■= max{ — 1, 2m — d — g + 1}; (3-6) 

therefore dim(Div]^™') > dm- 
In [6], we proved 

Theorem 3.7 (see [Gj Theorem 6.9]). Let g,d,'Kd^g be as in Theorem \3.1[ If [S] E "Kd^g is a 
general point, then S is a general ruled surface, namely, for any m > 1: 

(i) dim(Div|^'"^) = dm, for any m>l; 
(a) Div^'™' is smooth, for any m such that dm> 0; 

(iv) Divg.'™ is irreducible, for any m such that dm > 0. □ 

4. Brill-Noether theory 

4.1. Preliminaries. Let S C be a smooth, non degenerate scroll of degree d and genus 
g. Let (5", C) be a pair determining S. Let T be any unisecant curve of S of degree m, 
corresponding to the exact sequence 

0-^ N ^3^^ L®Oa^0, (4.1) 

where L and are line bundles and a G Div"(C) such that m = deg(L) + a. Set 

n := deg{N) = d - m. (4.2) 

In this section we will study the subschemes of Pic(C) parametrizing the sub-line bundles 
C 9^ as in fHTT]) . 

Definition 4.3. Let C be a smooth, projective curve of genus g > Q and let 5" be any 
rank-two vector bundle on C. The Segre invariant of 5" is defined as: 

s(3^) := deg(g^) - 2(Max {deg(A^)}), 

where the maximum is taken among all the sub-line bundles N oi3^ (cf. e.g. ^22]). We denote 
by M(5') the set of all sub-line bundles of "J of maximal degree. Notice that M(5') has a 
natural structure of Quot-scheme (cf. e.g. |2$j). 

In other words, s{3^) is the minimum of the self-intersections of sections of F := P(5') (cf. 
Formula 02.51) and see e.g. [22]) and therefore, s{3^) = s(IF(S> L), where L is any line bundle. 
Similarly, M(3') is isomorphic to M(5' ® L). Note that the vector bundle 5" is stable (resp., 
semi-stable) if and only if s{3^) > 1 (resp., 5(5") > 0). In the following proposition we recall 
a result by Nagata, cf. [26] . 

Proposition 4.4. Let C be a smooth, projective curve of genus g > and let 3^ be any 

rank-two vector bundle on C . One has: 



< g. 



(4.5) 
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Proof. Let d = deg(5'). Let F be a section of F = P(3'), such that = s{3^). It corresponds 
to an exact sequence of type (14. ip . with a = 0. Let m = deg(L), so that F^ = 2m — d (cf. 
Formula fl2.6p ). Consider Div^™. By the assumption F^ = s{3^), then all the curves in Div]^™ 
are sections. Therefore, dim(Div]^"^) < 1. On the other hand, by (13.60 . dim(Div];^™) > dm = 
2m-d-g + l = V'^-g + l. Hence, fj45l) follows. □ 

The proof of Proposition 14.41 shows that sub-line bundles of 3" with maximal degree n 
correspond to sections in Div]^™", with Q < dm <1. 

Lemma 4.6. Let C he a curve of genus g > 1 with general moduli and let [3"] G Uc{d) he a 
general point. Then, the line hundles in M(5') have degree 

d- g + 1 



n :- 



(4.7) 



Proof. From what recalled above on M(3'), by tensoring 3" with sufficiently large multiple of 
an ample line bundle we can assume that the scroll S corresponding to the pair (5", C) is the 
general point in IK^ g as in Theorem 13. 1[ The assertion follows from Theorem 13.71 and from 

dH. ' □ 

Let n be any integer such that 

n<n. (4.8) 

For any such n, one can consider the set 

M„(3^) ■={N (l'J\N sub-line bundle of 3^, deg(iV) = n}. (4.9) 

With this notation, Mn{3^) = M(3') as in Definition HJl (cf. also [28]). As for the maximal 
case, any M„(5') has a natural structure of Quot-scheme. 

For any [A^] G M„(5'), one can define sn{3^) '■= deg(5') — 2 deg(A^); observe that, as for the 
Segre invariant, one has sn(^l{3^ ® L) = sn{3^), for any L G Pic{C). The proof of Lemma 
shows that, in order to study the schemes M„(5'), for C with general moduli and G Uc{d) 
general, we may assume that the pair (9^, C) determines a general point in "Kd^g as in Theorem 
13. 1[ Then, one has the morphism 

^ra,n : Div^''" M„(J), (4.10) 

with m = c/ — n as in (14. 2p . defined by 

V^„,„([F]) = [A^], 

where F corresponds to L © Oq, on C fitting in (14. ip . The morphism iprn,n is bijective; in 
fact, given N ^ 3^ one has an exact sequence of type (14. ip . which uniquely determines the 
corresponding unisecant curve F. This defines the inverse ip^n- particular, 

dim(Divs''") = dim(M„(3^)). 

Proposition 4.11. Let g > I and d he integers as in Theorem \3.1\ Let n <n and m = d — n 
be integers. Let [S] G 'Kd,g he a general point. Then 

iJm,n : Div^-'" ^ M„(3^) 

is an isomorphism. 

Proof. Since M„(9^) is a Quot-scheme, it is smooth at those points [A^] G M„(5') such that 
Ext^(A^,9^/A^) = (0). From (O), Ext\N,3'/N) = H\{L © O A^"") = H^{L © A^^). Let 
[Fi] G Div^'™ be the unisecant curve as in (14. ip . Fi is of the form 

Fi = F U /i U ■ ■ ■ U /a, a = deg(a). 
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where [F] G Div^'™~'* is a section and the k's are hnes of the ruhng. From the inclusion of 
schemes F C Fi, we get 

L®Oa^L. (4.12) 
Therefore, the section F corresponds to a sequence 

where N' is a hne bundle on C of degree n' = n + a. Moreover, from (14.121) . it follows that 

N ^ N'. (4.13) 
Since H\L A^^) ^ H^ooc ® ® iV)^, by fHTT^ we have 

H\ujc ® L"" N) ^ H\ujc L"" N'). (4.14) 

From fl23D . 

and h^'Nr/s) = 0, for any [F] G Div^'™'" (cf. Theorem EZD- This implies that H\L^N^) = 
(0) so M„(3') is smooth. Since 'ijjrn,n is bijective, it is an isomorphism (cf. [21, Exercise I, 
3.3]). ' □ 

As an immediate consequence of Proposition 14.111 and of the proof of Lemma 14. 6[ we have 
the following: 

Corollary 4.15. Let C be a curve of genus g > I with general moduli and [3^] G Uc{d) be a 
general point. Let n <n and m = d — n be integers. Then M„(5') is smooth, of dimension 
dm and it is irreducible when dm > 0- 

Moreover, we have the following result (cf. [21], [22l Corollary 3.2] and ^28^ Proposition 
1.4, Theorem 3.1, Example 3.2]). 

Corollary 4.16. Let C be a smooth, projective curve of genus g > 1 and let 3^ be a rank-two 
vector bundle of degree d on C . One has: 

(a) if s{3^) = g, then dim(M(3')) = 1, d — g is even and n = 

(b) if C has general moduli, [3"] G Uc{d) general and s{3^) < g — 1, then dim(M(5')) = 0, 
s{3^) = g — l,d — gis odd and n = ^^-f^- 

Proof. As usual, we may assume that (3", C) corresponds to a point in "Kd^g. Let fn := d — n. 
(a) One has 1 > dim(M(3^)) = dim(Div];") > dm = I (cf. the proof of Proposition O]). The 
assertion follows, (b) By the generality assumptions, one has dim(M(3')) = dim(Div^™') > 
dm = 0. The assertion follows. □ 

The following corollary proves a particular case of [28l Conjecture 2.8]. 

Corollary 4.17. Let C be any smooth, projective curve of genus g > I. Let d be an integer 
such that d — g is even. Let [5"] G Uc{d) be general. Then M(5') is a connected curve. 

Proof. By Corollary 14. 15[ M(5') is a smooth and irreducible curve if C has general moduli. On 
the other hand, since we are in in case (a) of Corollary 14. 161 then M(3') is in any case a curve. 
Now, [281 Theorem 3.1] implies that the numerical equivalence class of M(3') is independent 
on C. Therefore, M(3'), as a limit of a smooth, irreducible curve, is connected. □ 
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Remark 4.18. Note that, in case (6) of Corollary I4.16[ Maruyama proves more, i.e. he 
assumes C to be any curve, d any positive integer and [3"] e Uc{d) general. Furthermore, in 
this case, M(5') consists of 2^ distinct elements (cf. [3^ Theorem 16], [221 Corollary 3.2] and 
[28l Proposition 1.4, Theorem 3.1, Example 3.2]; see also Proposition 14.111 and [6l Theorem 
7.1.1]). Thus, when d — g is odd, one has a rational map 

A: U^.{d) Sym^'{Pic^{C)). 
For g = 1, X is everywhere defined and it is an isomorphism (cf. e.g. [6l Remark 5.5]). As 
soon as g > 2, dim{Uc{d)) < dim(Sym'^\Fic^)). Natural questions are: 

• is A injective? 

• is dX injective where A is defined? 

Affirmative answers would give (global and infinitesimal) Torelli type theorems. 

4.2. The Brill-Noether loci. As in [28^, §1], for any n <n one can consider the natural 
morphism 

7r„:M„(3^)^Pic"(C) (4.19) 

sending any sub-line bundle C 3" of degree n to [A^] G Pic"(C). We shall denote by 

Wr.i'J) := Im{7r^) C Pic"(C) (4.20) 

(cf. [131 Theorem 3], [S] and [25], where WniS") is denoted by WiS")). The map 7r„ can be 
viewed as an analogue of the classical Abel-Jacobi map and M„(3') has to be viewed as an 
analogue of the symmetric product of the curve C. 

Lemma 4.21. For any [N] G Wn{3'), 

7c-\[N])=F{H%3^0N'')). 
In particular, iin has connected fibres. 

Proof. This follows from the definition of W„(3') (cf. [2S, P- H], for n = n). Indeed, [A^] G 
Wn{'3^) iff [A^] G Pic"(C) is a sub-line bundle of 3", equivalently, iff there exists a non-zero 
global section in if "^(J" O A^^). □ 

Remark 4.22. Recalling (I4.10p . we have the commutative diagram 

Divi,-'" ^M„(3^) (4.23) 



For any [A^] G W^„(3') and [Pat] = Vm^„(A^), we have 

W{H%-J®N'')) ^ |05(Pjv)|, (4.24) 

i.e., the fibres of 7r„ can be identified with linear systems of unisecant curves of degree m = 
d — n on S. 

The above setting suggests the definition of Brill-Noether type loci in W„(3'). One proceeds 
as follows. For any integer p > 0, one defines the Brill-Noether locus 

Wl{3^) ■.= {[N] eVie{C)\h\'J®N'') >p+l}. (4.25) 

Since [3] G Uc{d) is general, this is a degeneracy-locus of a suitable vector bundle map on 
Pic"(C) and, as such, has a natural scheme structure (cf. the construction in [2H1 pp. 11-12], 
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for the case n = n, which extends to any n <n). In particular, for any n <n, W{3^) = 
and there is a filtration 

= Wll'-'iS^) C W!:i3^) C WfiS") C • • ■ C W2(gr) c W,]i3^) C W^0(3^) = Wni3^), (4.26) 

for some A; > (cf. Note that, for any p > 0, W^~^^{3^) is contained in the singular 

locus of WP{3^). RecaUing Remark K22\ we see that the pull-back via $„i,n of Wp{3^) is 

Div^'™(j,) := {[r] e Div^'™ I dim(|05(r)|) > p}, (4.27) 

which is a subscheme of Div;^'*" (cf. [13], p. 68]). Via the isomorphism i/jm,n, the scheme 
Div^''"(p) can be identified with 

MP(g^) ■={N cS^l deg{N) = n and /i°(3^ ® iV^) > p + 1}, (4.28) 

which is the subscheme of M„(5') pull-back of Wf^{3^) via 7r„. 

We recall the following proposition from fl3[ Theorems 2, 3], [H] (see also [281 Lemma 2.2], 
for the case n = n): 

Proposition 4.29. Let dm be as in ( \3.Q\\ . For any integer p > 0, let 

rp(^) := max{-l, g-{p+l)(p + g- dj}. (4.30) 

//H^P(g^) ^0, then 

dim{WP{3^)) > mm{g,T,{3^)}, (4.31) 
where the right- hand- side is the expected dimension ofW^{3^). In particular, with d as in 
Theorem \3.1\ one has: 

(i) ifO< Tp{3^) < g, then 

dim(Div|^''"(p)) > Tp{3^) +p =: expdim(Div^'™(j9)), 

whereas, 

(ii) if Tp{3^) = g, then for any po < p, one has 

lypo(gr) = Pic"(C) and Div^''"(po) = Div^'"^; 
furthermore, the general fibre of $m,n has dimension dm — g = '^fn — d — 2g + 1. 
If, moreover, the equality in fl4.3ip holds with < Tp(5') < g, then the class in Pic"(C) of 
W^CJ) is 

where = denotes the numerical equivalence of cycles and 9 is the class of the theta divisor in 
Note that, since m = d — n, one has 

ro(?) = dm, (4.32) 

which agrees with the notion of expected dimension for Div|^'™ (cf. Formula (13. 6p ). Moreover, 
in case (ii), for any [T] G Div^'™ one has 

dim(|05(r)|) >2m-d-2g + l, 

which agrees with Riemann-Roch theorem. Equality holds if Div|^'™ has the expected dimen- 
sion and [r] G Div^'"* is general. For the proof of Proposition I4.29[ see [Hj. In [T3l Theorems 
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2, 3], one finds the expression of tlie class of [Div|^'™(p)] in Div|^'™, for S a general ruled surface 
(cf. Theorem 13.71) . In order to study the morphism 

7r„ : MniS") ^ Wn{3^) (4.33) 

and the schemes Wf^{3^), for p > 0, a basic ingredient is the following contraction map 

fiN : H^S' ® A^^) ® i7°(3^^ ^uc^N)^ H%ujc) (4.34) 

defined for any [N] G M„(3^). In accordance to the classical case of hne bundles, //at is called 
the Petri map of the pair (3", iV) (cf. e.g. [28]). As in [H Ch. IV, §1], one has (cf. [281 Prop. 
2.4], for the maximal case n = n): 

Lemma 4.35. For [N] e W^i^J) \ W^+^i;^), 

Therefore, if not empty, W-^{3^) is smooth and of the expected dimension at [N] if and only 
if the Petri map fiN is injective. 

Therefore if the Petri map fiN is injective for any [A^] G Wf^{3^) \ W^'^^{3^), then the singular 
locus of WPiS") coincides with Wp+^S"). 

The maximal case n = n has been studied in [28] . We recall the results. 

Proposition 4.36. Let g > 1 be an integer and let C be any smooth, projective curve of 
genus g. For any integer d, let [3^] G Uc{d) be general. Then: 

(i) the map 71^ is an isomorphism; in particular, Wn{3^) is smooth and strictly contained 
m Pic"(C). 

(ii) W^iS") = 0, for anyp>l. 

(iii) // d is as in Theorem \3.1\ and if 

rn:=d-n= [^-^\, (4.37) 

then for the general [S] G 0-Cd.g and for any [T] G Div^'*", one has dim(|05(r)|) = 0. 

Parts (i) and {ii) are contained in [28J. Part (iii) is an immediate consequence of Remark 
14:221 

Remark 4.38. Wn{J^) is a divisor in Pic"(C) when g = 2 and d is even (cf. [251 Remark 
1.6]): up to twists, (i = Osorr=— l;in this case, Wn{3^) can be identified with the divisor 
= {M G Pic^(C) I /i°(3^(8) M) = 1} G |2e|, where 6 denotes the theta divisor in Pic^(C). 

For n <n the situation is more complicated. We will prove the following: 

Proposition 4.39. Let C be a smooth, projective curve of genus g > 1 with general moduli 
and let d be an integer. Let [3"] G Uc{d) be general and let tq{3^) be as in f l4.32p . Let n <n 
be any integer, (a) If to{3^) > g, then for general [N] G Mn{3^), h^{3^ ^ N"^) = and we have 
the filtration 

C ■ ■ ■ C W^-^-^+^S") C W^-^-^iS") = ■■■ = iy„i(J) = WniS") = Pic"(C). (4.40) 

(b) If < To{3^) < g, then W^{3^) is not empty, strictly contained in Pic"(C) and also the 
inclusion W^{3^) C Wn{3^) is strict. Moreover: 

(i) W^iS") IS smooth, of dimension To{J), at any [N] G W^{3^) \ Wli.'J). 

(ii) Tin\ : Mni'J) \ MliT) W^{-J) \ Wl[j) is an isomorphism. 

(iii) W^{3^) is irreducible when Tq{3^) > 0. 
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Proof, (a) As usual, we may assume that the pair (5", C) determines a general point in ^d,g 
as in Theorem 13.11 Consider the exact sequence 

0^Oc^3'®N'' ^{L®Oa)^N^ ^0, (4.41) 

obtained from ( lO) . One has h^^L © (g) N"^) = (see the proof of Proposition 14.111) . 
Thus 

^ H%Oc) ^ ^°(9' ® iV'') ^ ^°(^ ® iV^) ^ H\Oc) ^H^S'^ iV^) ^ 0, (4.42) 

where the coboundary map d can be identified with the differential of the morphism 7r„ : 
Mn{3^) Pic"(C). Since ro(3') > g, the morphism 7r„ is surjective (cf. Proposition 14.291 - 
[ii)). Hence d is surjective if [A^] is general and therefore /i^(5'® A^^) = 0. 
(b) Since ro(3^) = dm, as in fl4.32l) . then from Theorem 13.71 dim(Div^'™) = dm > 0- By 
fITO]) . also M„(3^) 7^ 0, so Vr°(3^) is not empty. Since dim(M„(9^)) = d^, by (lOB . we 
have dim(iyO(3^)) = ro(9^) = d^ (cf. also [29, Theorem 0.3]). Since To{3') < g, then W^iS") 
is strictly contained in Pic"(C). From Proposition 14.111 and Lemma 14. 2H it follows that 
7Tn '■ M„(3') —>■ Wn{3^) is biratioual. Since M„(5') is smooth (see Theorem 13 . 71 and Proposition 
14. lip , then the scheme Wn{3^) is generically smooth. This proves that the inclusion ^^(5") C 
Wn{3^) is strict. Part (z) follows by the injectivity of the Petri map fiN- In fact, /i°(3'® A^^) = 
1, for any [A^] e Wn{3^) \ W^{3^). Moreover, since [3"] G Uc{d) is general, then 3" is very-stable 
(cf. [23] and [2S1 p. 12]), which means that fijy is injective on each factor of the tensor product. 
Part [ii) follows since 7r„| is a bijective morphism between smooth varieties hence it is an 
isomorphism. 

Part {in) follows from Theorem 13.71 and Proposition 14. Ill □ 

The above argument shows the following: 

Corollary 4.43. Let d and g be positive integers as in Theorem \3.1[ Let C be a smooth, 
projective curve of genus g with general moduli. Let [J'] G Uc{d) be general. Let [S] G "Kd^g 
be determined by (5", C). Let m>m be any integer. Then: 

(a) If dm> g and [T] G Div|^'™ is general, then dim(|Os(r)|) = tq{3^) — g = dm ~ g- 

(b) If < dm < g, then for any unisecant curve [T] G Div|^'™ \ Div^''"(l) one has 
dim(|O5(r)|) = 0. 

In the circle of ideas presented in this section, a natural and interesting problem would be 
to prove the analogue of Petri's conjecture: 

Conjecture 4.44. Let C be a smooth, projective curve of genus g with general moduli. Let 
[3"] G Uc{d) be general. Let [N] G M„(3') be any point. Then, the Petri map is injective. 

As remarked above, the validity of this conjecture would imply: 

(i) W^{3^) has the expected dimension, i.e. minjgf, Tp(3')} as in fl4.3ip : 

(ii) WiIj) is smooth off Wp+\J). 

Statement (z) above is an analogue of the Brill-Noether Theorem. In the next section, we 
will prove {i) for p = 1 under suitable numerical assumptions. 

5. Brill-Noether's theorem for Wl{3^) 

In this section we will study ^^(5") and prove that it has the expected dimension e := e\{d), 
which is: 

(i) -1, when n > 

(ii) 2d-An-3g< g, when ^<n< 
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(iii) g, when n < 

(cf. (14.301) . (I4.3ip ). Case (iii) is contained in Proposition 14.391 - (a). Therefore, it suffices to 
consider n > ^-j^- 

Theorem 5.1. Let C be a smooth, projective curve of genus g > 1 with general moduli and d 
he an integer. Let [3"] G Uc{d) he general. Letn > he any integer. Then, each irreducihle 
component o/W^(3') has the expected dimension. 

Proof. As usual, we can assume that the pair (3", C) corresponds to a general point [S] G 
"Kd^g- In order to prove the theorem, it suffices to show that, for m = d — n, one has 
dim(Div^''^(l)) = e + 1, if e > 0, whereas Div^''"(l) is empty, if e = -1 (cf. (g^ZD)- We will 
prove this by degeneration, studying the limit of Div;^''"(l) when S degenerates to a surface 
Y = W U Qi U ■ ■ ■ U Qg, where is a general rational normal scroll of degree d — 2g and 
Qi, . . . ,Qg are general quadrics as in Construction 13. 2[ from which we keep the notation. 

In order to study the limit in question, let T be a linear pencil of curves in Div^'"* and 
let D^o be the flat limit of J* on Y. Then Tq consists of a collection of linear pencils £, 
£i, . . . , £g of unisecant curves on W, Qi, . . . , Qg. By the genericity of Qi, . . . ,Qg none of 
these pencils contain the double lines kj, where l<i<2,l<j<(7, in their fixed 
locus. Moreover, they verify the obvious matching properties along them. Let fi, fii, . . . ,fig 
be the degrees of the curves in L, £i, . . . respectively. We will call such a a limit 
unisecant pencil of type {fi, fii, . . . ,fig)- One has m = fi + Ylil=it^i- We may assume that 
/ii = /i2 = • • • = yU/i = 1, whereas /ih+i, ■ ■ ■ , fJ^g > 2. Note that h > 1; otherwise we would 
have m> fi + 2g> ^ + 2g= ^ + g (cf. f OTD applied to /i and W). This reads d>2n + 2g 
which implies ti(3') > g hence e = g, a. case which we are not considering. Recall that WnQj 
consists of the pair of lines Zij, I2J, ^ ^ j ^ g- The Segre embedding Ej of lij x I2J sits in 
a P^, whose dual we denote by Ilj. Let G be the grassmannian of lines in Div^. One has a 
natural rational map 

r : G --■> Hi X ... X U^, 

which is defined as follows. Let £ be a general pencil in Div^; £ cuts on the divisor lij + l2,j 
a linear series of dimension one and degree two which can be interpreted as a curve on Ej, 
cut out by a plane corresponding to a point ij G Ilj. The map r sends £ to the /i-tuple 

(4,..., 4). 

Claim 5.2. If e = —1, then r is not dominant. 

Proof of Claim \5.^ One has m = fi + h + Yl^j=h+i /^i ^ + 2(7 — h. The assumption e = — 1 is 
equivalent to m < ^£[±39. therefore one has > j2 + 2g - h, i.e. Ajj, + 5g - 2d < Ah, which 
implies dim(G) = + Ag — 2d < "ih = dim(ni x . . . x 11^). This proves the assertion. □ 

This claim settles the case e = — 1. In fact it shows that, by the genericity of the quadrics 
Qi, . . . , Qh, the pencils £1, . . . , L/i cannot match any pencil £ on to give a limit unisecant 
pencil IPo- Thus, from now on, we assume e > and we study the possible components of the 
fiat limit of Div^'™'(l) when S degenerates to Y . Since Div^'™'(l) is not empty in this case, 
its flat limit is not empty. Let CPq be a limit unisecant pencil of type (/i, /ii, . . . , Hg) as above. 
By the genericity of the quadrics Qi, . . . , Qh, the map r has to be dominant. Let \1/ be the 
general fibre of r. One has 

dim(^) = dim(G) - "ih = Am - 2d - ?,g - J] {Aia - 7). (5.3) 

i=h+l 



BRILL-NOETHER THEORY AND NON-SPECIAL SCROLLS 



13 



Now we are ready to compute the dimension of a component of limit unisecant pencils. Let 
Gj be the grassmannian of lines of Divg'^-', for j = h + 1, . . . , g. We have two rational maps 

p: ^ --^ Uh+i X ...xUg, q: Gh+i x ■ ■ ■ x --^ Uh+i x . . . x 

defined as follows. A general point of \E' is a pencil £ in DivJ;^. It cuts a linear series of 
degree 2 and dimension 1 on the divisor lij + I2J, j = h + 1, . . . , g, which, as usual, gives 
rise to a point ij G Hj. The map p sends L to {ih+i, ■ ■ ■ ,^g)- The definition of the map q is 
similar (see the proof of Claim [53] below) . A component Z of limit unisecant pencils of type 
(/X, /ii, . . . , fig) can be interpreted as an irreducible component of the fibred product of p and 

Claim 5.4. All fibres of the map q have dimension Yli=h+ii^f^i ~ 

Proof. Fix a j = h + 1, . . . , g. We have a map qj : Gj Uj and q = qh+i x . . . x qg. It 
suffices to prove that all fibres of qj have dimension Afij — 7. Since fij > 1, the linear system 
Div^'^^^Q^ of dimension 2fij — 1 cuts out a complete linear series Aj of dimension 3 on the 
divisor lij + I2J. So we have a surjective projection map sj: Dw^''^^q. --■> Aj, with centre 
a projective space of dimension 2/ij — 5. This induces a map aj: Gj ---> Gj, where Gj is 
the grassmannian of lines of Aj. All fibres of o"j are grassmannians of dimension 4/Xj — 8. 
We have also a map Tj : Gj Ilj sending, as usual, a pencil in Aj to a point ij G Ilj. 
Every fibre of Tj has dimension 1. Indeed, a point ij G Ilj can be interpreted as a projective 
transformation ujj : /i j —>■ and this in turn determines the quadric Qj described by all 
lines joining corresponding points on lij and l2,j- The pairs of such corresponding points are 
cut out by all pencils of planes based on lines of the ruling of Qj to which lij and I2J belong. 
Since qj = Tj o aj, the above considerations imply the assertion. □ 

Putting together (15. 3p and Claim 15. 4[ one obtains that dim(Z) = 2d — An — 3g, which 
proves the theorem. □ 

6. Tensor product of quotient line bundles 

In this section we consider the following problem. Let C be a smooth, projective curve 
with general moduli and d be an integer. Let [3"] G Uc{d) be general. Assume d — g odd, 
and let n = ^^^^ as in 1^. Let [Ni] G MniS"), with Ni ^ Nj, for 1 < i j < 2\ and let 
Vi denote a divisor class on C such that Ni = Oci^i)- We want to compute the equivalence 
class of the divisor 

i=l 

Set Li := det(3') ® and let Aj be a divisor class such that Li = Oc'(Ai). Consider 
A := YlfLi -^i ^-iid notice the relation X + u = 2^ H, where det(5') = Oc{H). 

Theorem 6.1. With the above notation, one has: 

u = 23-'^{2H - Kc), a g>2, and u = H, ii g = 1 (6.2) 

and 

A = 2^-\2H + Kc), iig>2, and \ = H, li g = I. (6.3) 
Proof. It suffices to show (16. 2p . 



Claim 6.4. There exist a, (3 E Tj such that 

V = aKc + f3H. 



(6.5) 
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We first show that Claim [63] imphes (16. 2p . Then, we will prove the claim. 

li g = 1, Kc is trivial and therefore the first summand in (16.51) does not appear. Moreover, 
it is clear that a and (3 in (16.51) do not depend on H. As usual, we may assume that the 
pair (IF, C) is associated to a scroll S correpsonding to a general point in ^d,g- Since any Ni 
is a maximal sub-line bundle of 5", then each Lj corresponds to a section in Div^''", where 
rn = d — n = "^^^^^ ■ Consider the exact sequence 

^ N, 3" ^ Li ^ 0, 1 <i<2^. 

Let p G C be a general point. Twist the above sequence by Oc{p) 

N,{p) Jip) ^ U{p) -> 0, l<i<23. 

Observe that 

if':=det((:r(p)) =/J®0c(2p), 
hence deg(3'(p)) = d + 2 and 3'(p) corresponds to a general point of Uc{d + 2). Thus, Ni{p) 
is a sub-line bundle of 3'(p) of maximal degree, for 1 < i < 2^. Set iVj(p) = Oc{v'^ and 
y' = YllLi ^i- 0ii6 has 

z/' = 1/ + 2^p. (6.6) 
By Claim [6741 there exist two integers C(',f3', independent on H and p, such that 

u' = a'Kc + (3'H'. 
By comparing the former relation with (16. 5p and (16.61) . we find 

{a - a')Kc + (/? - f3')H + 2(2^-^ - p')p = 0. 
Since a, a', /3, G Z do not depend on H and p, we deduce 

/3 = /3' = 2^-^ and a = -2^^"^^ 
proving (16. 2p (in case = 1, we simply get v = H). 

We are left to prove Claim 16. 4[ To do this, we follow a similar argument as in [7] . Let 
be the Zariski open subset of the moduli space M^, whose points correspond to equivalence 
classes of smooth curves of genus g without non-trivial automorphisms. By definition, M° is 
a fine moduli space, i.e. we have a universal family p : C — >■ M°, where C and M° are smooth 
schemes and p is a smooth morphism. C can be identified with the Zariski open subset M° ^ 
of the moduli space Mg,i of smooth, pointed, genus g curves, whose points correspond to 
equivalence classes of pairs (C, x), with x G C and C a smooth curve of genus g without 
non-trivial automorphisms. On M° ^ there is again a universal family pi : Ci ^ M° where 
Ci = C X]vto C. The family pi has a natural regular global section 5 whose image is the 
diagonal. By means of 5, for any integer n, we have the universal family of Picard varieties 
of order ra, i.e. 

(cf. [3 §2]). For any closed point [(C, x)] G M^^, its fibre via p^""* is isomorphic to Pic*-"'''(C). 
As in [6| Theorem 5.4], let g : — > M° ^ be the relative moduli stack of degree d, rank-two 
semistable vector bundles; namely, the fibre of q over [(C, x)] is Uc{d). Thus, we have the 
following natural surjective map over 

Ud ^ ?tc^''\ (6.7) 
which is given by the relative determinant, namely 

rd{{C,x, 3^)) = (C,x,det(9^)), 



BRILL-NOETHER THEORY AND NON-SPECIAL SCROLLS 



15 



for any [(C, x)] G M° and any [3"] G Uc{d). Observe that the fibre of rd over any [(C, x, H)] G 
is SUc{H), i.e. the moduh stack of semistable, rank- two vector bundles on C with fixed 
determinant H G Pic'^(C). From [3], we know that any SUc{H) is stably rational, i.e. 
SUc{H) X P'^ is rational for some > 0. In particular, it is unirational. 
Set a := deg(z/) = 2^~^{d — g + 1). One has an obvious morphism 

: Itrf ^ ?ic(") (6.8) 

which maps [C, x, "J) to the class of u. By the unirationality of the fibres of rd, we have a 
morphism which makes the following diagram commutative 

IX. ^ T^c^"^) (6-9) 

At this point, one concludes by imitating the proof of [71 Proposition (5.1)], which can be 
repeated almost verbatim. □ 

References 

[1] E. Arbarello, M. Cornalba, P. A. GrifSths, J. Harris, Geometry of algebraic curves, Vol. I. Grundlehren 

der Mathematischen Wissenschaftcn, 267, Springer- Verlag, New York, 1985. 
[2] E. Arrondo, M. Pedreira, L Sols, On regular and stable ruled surfaces in P'^, Algebraic curves and 

projective geometry (Trento, 1988), 1-15. With an appendix of R. Hernandez, 16-18, Lecture Notes 

in Math., 1389, Springer- Verlag, Berhn, 1989. 
[3] E. Ballico, Stable rationality for the variety of vector bundles over an algebraic curve, J. London 

Math. Soc, 30 (1984), no. 1, 21-26. 
[4] L. Brambila-Paz, H. Lange, A stratification of the moduli space of vector bundles on curves. Dedicated 

to Martin Kneser on the occasion of his 70th birthday. J. Reine Angew. Math., 494 (1998), 173-187. 
[5] A. Calabri, C. Ciliberto, F. Flamini, R. Miranda, Degenerations of scrolls to unions of planes. Rend. 

Lincei Mat. Appl, 17 (2006), no.2, 95-123. 
[6] A. Calabri, C. Ciliberto, F. Flamini, R. Miranda, Non-special scrolls with general moduli, preprint. 
[7] C. Ciliberto, On rationally determined line bundles on a familly of projective curves with general 

moduh, Duke Math. J., 55 (1987), no. 4, 909-917. 
[8] W. Fulton, R. Lazarsfeld, On the connectedness of degeneracy loci and special divisors. Acta Math., 

146 (1981), no. 3-4, 271-283. 
[9] L. Fuentes-Garcia, M. Pedreira, Canonical geometrically ruled surfaces. Math. Nachr., 278 (2005), 

no. 3, 240-257. 

[10] L. Fuentes-Garcia, M. Pedreira, The projective theory of ruled surfaces. Note Mat., 24 (2005), no. 
1, 25-63. 

[11] L. Fuentes-Garcia, M. Pedreira, The general special scroll of genus g in P^. Special scrolls in P^^, 

[math. AG/0609548 (2006), pp. 13. 
[12] F. Ghione, Quelques resultats de Corrado Segre sur les surfaces reglees. Math. Ann., 255 (1981), 

77-95. 

[13] F. Ghione, La conjecture de Brill-Noether pour les surfaces reglees, Proceedings of the Week of 

Algebraic Geometry (Bucharest, 1980), 63-79, Teubner-Texte zur Math., 40, Teubner, Leipzig, 1981. 
[14] F. Ghione, Un probleme du type Brill-Noether pour les fibres vectoriels. Algebraic geometry — open 

problems (Ravello, 1982), 197-209, Lecture Notes in Math., 997, Springer, Berhn, 1983. 
[15] F. Ghione, G. Sacchiero, Genre d'une courbe lisse tracee sur une variete reglee, Space curves (Rocca 

di Papa, 1985), 97-107, Lecture Notes in Math., 1266, Springer, Berlin, 1987. 
[16] L. Giraldo, I. Sols, The irregularity of ruled surfaces in P"^. Dedicated to the memory of Fernando 

Serrano. Collect Math., 49 (1998), no. 2-3, 325-334. 
[17] D. Gieseker, Stable curves and special divisors: Petri's conjecture. Invent. Math., 66 (1982), no. 2, 

251-275. 




16 



ALBERTO CALABRI, GIRO CILIBERTO, FLAMINIO FLAMINI, RICK MIRANDA 



[18] P. Griffiths, J. Harris, On the variety of special hnear systems on a general algebraic curve. Duke 

Math. J., 47 (1980), no. 1, 233-272. 
[19] P. Griffiths, J. Harris, Principles of Algebraic Geometry, Wiley Classics Library, New York, 1978. 
[20] A. Grothendieck, Technique de descente et theoreme d'existence en geometric algebrique. V Seminaire 

Bourbaki, 232, 1961-1962. 
[21] Hartshornc R., Algebraic Geometry, Graduate Text in Math., 52, Springer- Vcrlag, New York, 1977. 
[22] H. Lange, M.S. Narashiman, Maximal subbundles of rank two vector bundles on curves. Math. Ann., 

266 (1983), 55-72. 

[23] G. Laumon, Un analogue global du cone nilpotent, Duke Math. J., 57 (1989), no. 2, 647-671. 
[24] A. Maruyama, On classification of ruled surfaces. Lectures in Mathematics. Kyoto University, no. 3, 
Tokyo, 1970. 

[25] A. Maruyama, M. Nagata, Note on the structure of a ruled surface, J. reine angew. Math., 239 
(1969), 68-73. 

[26] M. Nagata, On self-intersection number of a section on a ruled surface, Nagoya Math. J., 37 (1970), 
191-196. 

[27] P.E. Newstead, Introduction to moduli problems and orbit spaces, Tata Institute of Fundamental 
Research Lectures on Mathematics and Physics, 51, Narosa Publishing House, New Delhi, 1978. 

[28] W.M. Oxbury, Varieties of maximal Hne bimdlcs. Math. Proc. Gamb. Phil. Soc, 129 (2000), 9-18. 

[29] B. Russo, M. Teixidor I Bigas, On a conjecture of Lange, J. Algebraic Geom., 8 (1999), 483-496. 

[30] C. Segre, Recherches generales sur les courbes et les surfaces reglees algebriques, OPERE - a cura 
dell'Unione Matematica Italiana e col contributo del Gonsiglio Nazionale delle Ricerche, voL 1, §XI 
- pp. 125-151, Edizioni Cremonese, Roma 1957 (cf. Math. Ann., 34 (1889), 1-25). 

[31] C.S. Seshadri, Fibres vectoriels sur les courbes algebriques, Asterisque, 96. S.M.F., Paris, 1982. 

[32] F. Severi, Sulla classificazione delle rigate algebriche, Univ. Roma e 1st. Naz. Alta Mat. Rend. Mat. 
e AppL, 2 (1941), 1-32. 

[33] M. Teixidor i Bigas, Brill-Noether theory for stable vector bundles, Duke Math. J., 62 (1991), no. 2, 

385-400. 

[34] L.W. Tu, Semistable bundles over an elliptic curve. Adv. Math., 98 (1993), no. 1, 1-26. 
E-mail address: calabri@dmsa.unipd.it 

Gurrent address: Dipartimcnto di Mctodi c ModcUi Matematici per le Scienze Applicate, Universita degli 
Studi di Padova, Via Trieste, 63 - 35121 Padova, Italy 
E-mail address: cilibert@mat.uniroina2.it 

Gurrent address: Dipartimcnto di Matematica, Universita degli Studi di Roma Tor Vergata, Via della 
Ricerca Scientifica - 00133 Roma, Italy 

E-mail address: flainini@mat.uniroina2.it 

Gurrent address: Dipartimcnto di Matematica, Universita degli Studi di Roma Tor Vergata, Via della 
Ricerca Scientifica - 00133 Roma, Italy 

E-mail address: Rick.Miranda@ColoState.Edu 

Gurrent address: Department of Mathematics, 101 Weber Building, Colorado State University, Fort Collins, 
CO 80523-1874, USA 



